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Abstract
In 1979 Sam B. Nadler Jr, defined the hyperspace suspension of a continuum. He showed that this
hyperspace is unicoherent and that if X is chainable, then the hyperspace suspension of X has the
fixed point property. We present some other properties of this hyperspace.
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1. Introduction
In 1979 Sam B. Nadler Jr, introduced the hyperspace suspension of a continuum [26].
The hyperspace suspension of a continuum X, denoted by HS(X), is the quotient space
C(X)/F1(X), where C(X) is the hyperspace of subcontinua of X and F1(X) is the space
of singletons of X, topologized with the Hausdorff metric, H [17].
The purpose of this paper is to present a study of this hyperspace. The paper is divided
into several sections. In Section 2, we give the basic definitions for understanding the
paper. In Section 3, we present some general properties of the hyperspace suspension of
a continuum. In Section 4, we show that the hyperspace suspension of a continuum is
finitely aposyndetic. In Section 5, we present results about the hyperspace suspension of
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a locally connected continuum. In Section 6, we show that if X is a C-H continuum,
then its hyperspace suspension is homeomorphic to the suspension of X. In Section 7,
we show that the induced map to the hyperspace suspensions of a map from a continuum
onto a continuum having surjective semispan zero is universal. In Section 8, we prove that
hereditarily indecomposable continua have unique hyperspace suspensions.
2. Definitions
If (Z,d) is a metric space, then given A ⊂ Z and ε > 0, the open ball about A of
radius ε is denoted by Vdε (A), the interior of A is denoted by IntZ(A), and the closure of A
is denoted by Cl(A). The diagonal in Z ×Z is denoted by ∆Z , i.e., ∆Z = {(z, z) | z ∈Z}.
Also, 1|Z denotes the identity function on Z.
The symbolsN andR denote the sets of positive integers and real numbers, respectively.
Given a manifold M with boundary, ∂(M) denotes the manifold boundary of M . A map is
a continuous function.
A continuum is a nonempty compact, connected metric space. A subcontinuum is a
continuum contained in a space. A property P of a continuum X is hereditary provided
that each subcontinuum of X has property P . A continuum is said to be decomposable
provided that it can be written as the union of two of its proper subcontinua. A continuum
is indecomposable if it is not decomposable. A continuum X is unicoherent provided that
if X =A∪B , where A and B are subcontinua of X, then A∩B is connected.
An arc is any space homeomorphic to [0,1]. The end points of an arc α are the images
of 0 and 1 under any homeomorphism from [0,1] onto α. A free arc in a continuum X is
an arc β in X such that β minus its end points is open in X.
An order arc is an arc α ⊂ C(X) such that if A,B ∈ α, then either A ⊂ B or B ⊂ A.
If Y and Z are subcontinua of X and if Y is contained in Z, then there exists an order arc
with end points Y and Z [25, (1.8)].
A Whitney map is a map µ :C(X)→[0,1] such that
(i) µ({x})= 0 for each x ∈X;
(ii) if A,B ∈ C(X), A⊂ B and A = B , then µ(A) < µ(B); and
(iii) µ(X)= 1.
Each hyperspace C(X) admits a Whitney map [25, (0.50)]. A Whitney level is a subset of
C(X) of the form µ−1(t) for some t ∈ [0,1].
Given a nonempty closed subset A of continuum X, let
CA(X)=
{
K ∈ C(X) |A⊂K}.
If A= {p}, we write Cp(X) instead of C{p}(X).
Notation 2.1. Given a continuum X, let qX denote the quotient map from C(X)
onto HS(X), and let FX denote the point qX(F1(X)).
Remark 2.2. Note that HS(X) \ {FX} and HS(X) \ {qX(X),FX} are homeomorphic to
C(X) \F1(X) and C(X) \ ({X} ∪F1(X)), respectively.
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The cone over a continuumX, denoted by Cone(X), is the quotient space (X×I)/(X×
{1}) obtained from the Cartesian product X × I by shrinking X × {1} to a point ν called
the vertex of the cone; ν always denotes the vertex of a cone. The base of Cone(X) is
{(x,0) | x ∈X}, which we denote by B(X). The quotient space Cone(X)/B(X) is called
the suspension of X, denoted by Sus(X).
A Hilbert cube is any space homeomorphic to Q=∏∞n=1[0,1]n, where [0,1]n = [0,1]
for each n ∈N.
3. General properties
We begin with a lemma which is an easy consequence of the existence of order arcs in
the hyperspace of subcontinua of a continuum.
Lemma 3.1. If X is a continuum, then any neighborhood of FX in HS(X) contains simple
closed curves passing through FX .
A dendroid is an arcwise connected and hereditarily unicoherent continuum. A fan is a
dendroid with exactly one ramification point (i.e., with only one point which is the common
part of three otherwise disjoint arcs) [6]. The unique ramification point of a fan F is called
the top of F and is denoted by τ . By an end point of a fan F we mean a point e of F that
is a nonseparating point of any arc in F that contains e; E(F) denotes the set of all end
points of a fan F . A leg of a fan F is the unique arc in F from τ to some end point of F .
Given a point x in F , τx denotes the unique arc in F from τ to x .
For a fan F , define
T [C(F )]= ⋃
e∈E(F )
C(τe);
T [C(F )] is called the two-dimensional part of C(F ) [22, 3.1]. It is well known that each
C(τe) is a 2-cell [17, 5.1]. It is easy to see that C(τe)∩ C(τe′)= {τ } if and only if e = e′.
A fan F is said to be smooth provided that whenever {xi}∞i=1 is a sequence in F
converging to a point x of F , then the sequence of arcs {τxi}∞i=1 converges to the arc τx.
Theorem 3.2. If F is a smooth fan, then HS(F ) is homeomorphic to C(F ).
Proof. By [11, 3.1], C(F )= Cτ (F ) ∪ T [C(F )], where Cτ (F ) is homeomorphic to either
the Hilbert cube or [0,1]n for some n ∈N. Note that
F1(F )=
⋃
e∈E(F )
F1(τe)⊂
⋃
e∈E(F )
∂
(C(τe))⊂ T [C(F )].
Since F is a smooth fan, by [17, 5.1] and the fact that when we shrink an arc in the
manifold boundary of a two-cell we obtain a two-cell, we have that T [C(F )]/F1(F ) is
homeomorphic to T [C(F )].
Since F1(F ) ∩ Cτ (F ) = {τ }, we have that HS(F ) is homeomorphic to Cτ (F ) ∪
[T [C(F )]/F1(F )]. Hence, HS(F ) is homeomorphic to C(F ). ✷
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Theorem 3.3. A continuum X is indecomposable if and only if HS(X) \ {qX(X),FX} is
not arcwise connected.
Proof. If X is an indecomposable continuum, then C(X) \ {X} is not arcwise connected
[25, (1.51)]. Hence, there are two points A,B ∈ C(X) \ {X} which belong to two different
arc components of C(X)\{X}. Thus, any arc in HS(X)\{qX(X)} joining qX(A) and qX(B)
must contain FX . Therefore, qX(A) and qX(B) belong to two different arc components of
HS(X) \ {qX(X),FX}.
Suppose X is a decomposable continuum. Let A and B be two proper subcontinua of X
such that X = A ∪ B . Without loss of generality, we assume that A ∩ B has at least one
nondegenerate component, say K .
Let C be a nondegenerate proper subcontinuum of X. We show that there is an arc
joining C and A in C(X) \ ({X} ∪F1(X)). We consider four cases.
Case 1. Either C ⊂A or A⊂ C.
In either case, there is an order arc joining C with A in C(X) \ ({X} ∪F1(X)).
Case 2. A∩C = ∅.
In this case C ⊂ B . Let α, β and γ be an order arcs from C to B , K to B and K to A,
respectively. Hence, α ∪ β ∪ γ contains an arc joining C with A in C(X) \ ({X} ∪F1(X)).
Case 3. A∩C has at least one nondegenerate component, say L.
If α1 is an order arc from L to A and β1 is an order arc from L to C, then α1 ∪ β1
contains an arc joining C with A in C(X) \ ({X} ∪F1(X)).
Case 4. All the components of A∩C are degenerate.
Let {p} be a component of A ∩ C. Let U be an open set in C such that p ∈ U . This
implies that there exists a nondegenerate subcontinuumL1 in C such that p ∈L1 ⊂U [28,
5.5].
Let α2, β2 and γ2 be order arcs fromA toA∪L1, L1 toC andL1 to A∪L1, respectively.
Thus, α2 ∪ β2 ∪ γ2 contains an arc joining C with A in C(X) \ ({X} ∪F1(X)).
Therefore C(X) \ ({X} ∪F1(X)) is arcwise connected. Hence, by Remark 2.2, HS(X) \
{qX(X),FX} is arcwise connected. ✷
Theorem 3.4. If X is a finite-dimensional continuum, then dim(C(X)) < ∞ if and
only if dim(HS(X)) < ∞. Moreover, if dim(C(X)) < ∞ or dim(HS(X)) < ∞, then
dim(HS(X))= dim(C(X)).
Proof. Suppose dim(C(X)) <∞. Since dim(HS(X) \ {FX}) = dim(HS(X)) [14, Corol-
lary 2, p. 32], we have that dim(C(X) \F1(X))= dim(HS(X)) (Remark 2.2).
Note that, since C(X) = (C(X) \ F1(X)) ∪ F1(X), dim(F1(X)) = 1 [17, 73.9], and
dim(C(X))  2 [17, 22.18], we have that dim(C(X)) = dim(C(X) \ F1(X)). Therefore,
dim(HS(X))= dim(C(X)).
Now, suppose that dim(HS(X)) <∞. Since dim(HS(X)) = dim(HS(X) \ {FX}) [14,
Corollary 2, p. 32] and Remark 2.2, dim(C(X) \ F1(X)) = dim(HS(X)). Suppose
dim(C(X))=∞. Since dim(F1(X))= dim(X) <∞, we have that dim(C(X) \F1(X))=
∞, a contradiction. Hence, dim(C(X)) <∞.
Since dim(C(X)) <∞, dim(F1(X)) = 1 [17, 73.9]. Thus, since dim(C(X))  2 [17,
22.18], dim(C(X))= dim(C(X) \F1(X)). Therefore, dim(HS(X))= dim(C(X)). ✷
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Theorem 3.5. If X is a 1-dimensional continuum, then X contains an n-od if and only if
HS(X) contains an n-cell.
Proof. If X contains an n-od, then C(X) contains an n-cell [17, 70.1]. Hence, since
dim(F1(X)) = 1, C(X) \ F1(X) contains an n-cell. Therefore, HS(X) contains an n-cell
(Remark 2.2).
If HS(X) contains an n-cell, then HS(X) \ {FX} contains an n-cell. Hence, C(X)
contains an n-cell. Therefore, X contains an n-od [17, 70.1]. ✷
Given a map f :X→ Y between continua, the function C(f ) :C(X)→ C(Y ) given by
C(f )(A)= f (A) is the induced map by f between the hyperspaces of subcontinua of X
and Y [25, (0.49)]. Also, we have an induced map HS(f ) : HS(X)→HS(Y ), given by
HS(f )(A)=
{
qY
(
f
(
q−1X (A)
))
if A = FX,
FY if A= FX
called the induced map by f between the hyperspace suspensions of X and Y . Note that,
by [10, 4.3, p. 126], HS(f ) is continuous. The following result is easy to establish:
Theorem 3.6. If f :X→ Y is a map between continua, then HS(f ) is onto if and only if
C(f ) is onto.
4. Aposyndesis
In this section we show that HS(X) is finitely aposyndetic.
A continuum is said to be colocally connected, provided that each point of it has a local
base of open sets whose complements are connected. The continuum X is aposyndetic
provided that for each pair of points x and y of X, there exists a subcontinuum W of X
such that x ∈ IntX(W) ⊂ W ⊂ X \ {y}. X is finitely aposyndetic provided that for each
finite subset F of X and point x of X not in F , there exists a subcontinuum W of X such
that x ∈ IntX(W)⊂W ⊂X \F .
Theorem 4.1. If X is a continuum, then HS(X) is colocally connected.
Proof. Let A ∈HS(X). We consider three cases.
Case 1. A= FX .
For each ε > 0, let Uε = VHε (F1(X)). Hence, {qX(Uε) | ε > 0} forms a base of open
sets about FX .
Fix ε > 0. Let B ∈ HS(X) \ qX(Uε). Thus, q−1X (B) ∈ C(X) \ Uε . Let β be an order arc
from B to X. Consequently, β ⊂ C(X) \Uε . Hence, qX(β) is an arc joining B with qX(X)
in HS(X) \ qX(Uε).
Case 2. A= qX(X).
For each ε > 0, let Wε = VHε (X). Hence, {qX(Wε) | ε > 0} forms a base of open sets
about qX(X).
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Fix ε > 0. Let C ∈ HS(X) \ qX(Wε). Thus, q−1(C) ∈ C(X) \Wε . Let c ∈ q−1(C) andX X
let γ be an order arc from {c} to q−1X (C). This implies that qX(γ ) is an arc joining C
with FX in HS(X) \ qX(Wε).
Case 3. A ∈ HS(X) \ {qX(X),FX}.
For each ε > 0, let Tε = VHε (q−1X (A)). Hence, {qX(Tε) | ε > 0} forms a base of open
sets about A.
Fix ε > 0 such that qX(Tε) ∩ {qX(X),FX} = ∅. Let E ∈ HS(X) \ qX(Tε). Note that
q−1X (E) ∈ C(X) \ VHε (q−1X (A)).
If q−1X (E) ⊂ q−1X (A), then each order arc α from q−1X (E) to X, satisfies that α ⊂
C(X) \ VHε (q−1X (A)). Hence, qX(α) is an arc joining E with qX(X) in HS(X) \ qX(Tε).
Suppose q−1X (E) ⊂ q−1X (A). Let e ∈ q−1X (E). Let κ be an order arc from {e} to
q−1X (E). Thus, κ ⊂ C(X) \ VHε (q−1X (A)). Hence, qX(κ) is an arc from E to FX in
HS(X) \ qX(Tε). ✷
Clearly, colocal connectedness implies aposyndesis. Hence, we have the following
consequence of Theorem 4.1:
Corollary 4.2. If X is a continuum, then HS(X) is aposyndetic.
Corollary 4.3. If X is a continuum, then HS(X) is finitely aposyndetic.
Proof. HS(X) is unicoherent [26, (2.2)]. Any aposyndetic unicoherent continuum is
finitely aposyndetic [1, Corollary 1]. ✷
5. Local connectedness
In this section we present results about the hyperspace suspension of locally connected
continua. We also give an example of a locally connected continuum without free arcs
whose hyperspace suspension is not homeomorphic to the Hilbert cube.
Theorem 5.1. A continuum X is locally connected if and only if HS(X) is locally
connected.
Proof. If X is locally connected, then C(X) is locally connected [25, (1.92)]. Hence,
HS(X) is locally connected.
If HS(X) is locally connected, then the open set HS(X) \ {FX} is locally connected.
Hence, C(X) \ F1(X) is locally connected by Remark 2.2. Therefore, X is locally
connected [25, (1.208.2)]. ✷
The following result is analogous to [25, (3.9)] and its proof is very similar, we include
it for completeness.
Theorem 5.2. If X is a continuum, then HS(X) is embeddable in R2 if and only if X is an
arc.
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Proof. Suppose HS(X) is embedded in R2. Since HS(X) has property (b) [26, (2.2)]
HS(X) does not separate R2 [14, VI 13, p. 100]. Since HS(X) is aposyndetic (by
Corollary 4.2) and does not separate R2, HS(X) is locally connected [18, Theorem 1,
p. 139]. Hence, X is locally connected (by Theorem 5.1). Thus, C(X) is locally connected
[25, (1.92)]. By [25, (1.109)],X is a finite graph. Using [25, (1.109) and (1.100)], it is easy
to see that X is either an arc or a simple closed curve. Since the hyperspace suspension of
a simple closed curve is a 2-sphere, which is not embeddable in R2, we conclude that X is
an arc.
On the other hand, if X is an arc, C(X) is a 2-cell, where F1(X) is an arc contained in its
manifold boundary. Hence, HS(X) is a 2-cell. Therefore, HS(X) is embeddable in R2. ✷
It is well known that the hyperspace of subcontinua of a locally connected continuum
without free arcs is homeomorphic to the Hilbert cube [9, 4.1, p. 22]. The following
example shows that the corresponding result for the hyperspace suspension of such a
continuum does not hold.
Example 5.3. There exists a locally connected continuum X without free arcs such that
HS(X) is not homeomorphic to the Hilbert cube.
Let S1 be the unit circle in R2. Let X = S1×[0,1], and let r :X→ S1 be the projection
map. Then r is a retraction of X onto S1. Hence, the induced map HS(r) : HS(X) →
HS(S1) is a retraction. Thus, since HS(S1) is a 2-sphere, HS(X) does not have the fixed
point property. Therefore, HS(X) is not homeomorphic to the Hilbert cube, since the
Hilbert cube has the fixed point property [17, p. 183].
Theorem 5.4. If X is a contractible locally connected continuum without free arcs, then
HS(X) is homeomorphic to the Hilbert cube. In particular, HS(X) is homeomorphic
to C(X).
Proof. SinceX is a locally connected continuum without free arcs, C(X) is homeomorphic
to the Hilbert cubeQ [9, 4.1, p. 22]. Since X is contractible,F1(X) is contractible. Hence,
F1(X) has the shape of a point (in the sense of Borsuk) [2, 5.5, p. 28]. Thus, C(X)\F1(X)
is homeomorphic toQ\{p} for some p ∈Q [5, 25.2]. By Remark 2.2, we have thatQ\{p}
is homeomorphic to HS(X)\{FX}. Therefore, HS(X) is homeomorphic toQ [4, 2.23]. ✷
Corollary 5.5. The hyperspace suspension of the Hilbert cube is homeomorphic to the
Hilbert cube.
Recall that a space X is homogeneous provided that for each pair of points x, y ∈ X,
there exists a homeomorphism h :X→X such that h(x)= y .
Theorem 5.6. If X is a continuum such that HS(X) is homogeneous, then X is either a
locally connected continuum without free arcs or a simple closed curve.
Proof. Suppose HS(X) is homogeneous. Since C(X) is locally connected at X [25, (17.1)],
HS(X) is locally connected at qX(X). Hence, HS(X) is locally connected, since HS(X) is
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homogeneous. By Theorem 5.1, X is locally connected. Suppose X contains a free arc.
Hence, dim(HS(X)) = 2, since HS(X) is homogeneous. Thus, X is a finite graph [25,
(1.109)]. Using [25, (1.109) and (1.100)], it is easy to see that X is either an arc or a simple
closed curve.
Since the hyperspace suspension of an arc is a 2-cell, which is not homogeneous, we
have that X is a simple closed curve. ✷
Corollary 5.7. If X is a continuum such that HS(X) is homogeneous and finite-dimen-
sional, then HS(X) is a 2-sphere.
Proof. Suppose HS(X) is homogeneous. Hence,X is either a locally connected continuum
without free arcs or a simple closed curve (by Theorem 5.6). Suppose X is a locally
connected continuum without free arcs, then C(X) is homeomorphic to the Hilbert cube [9,
4.1, p. 22], hence dim(C(X))=∞. This implies that dim(HS(X))=∞ (by Theorem 3.4),
a contradiction to our hypothesis. Therefore, X is a simple closed curve and HS(X) is a
2-sphere. ✷
6. Cones
We say that a continuum X is a C-H continuum provided that C(X) is homeomorphic
to Cone(X) [24]. In this section we show that if X is a finite-dimensionalC-H continuum,
then there exists a homeomorphism h :C(X)→ Cone(X) such that h(F1(X)) = B(X).
This answers, in the finite-dimensional case, a question posed by Nadler [25, (8.34)].
As a consequence of the result mentioned above, we have that if X is a finite-
dimensional C-H continuum then its hyperspace suspension, HS(X), is homeomorphic
to its suspension, Sus(X). This result, partially answers two questions posed by Nadler
(see [26, (4.2)] and [17, p. 450]).
Note that C-H continua have been extensively studied since 1972 (see [25,17,16,
21,29]). Hereditarily decomposable C-H continua were classified by Nadler [24]. As a
consequence of [24, (1.1) and (2.7.2)] we have the following result:
Theorem 6.1. There exist exactly eight hereditarily decomposable C-H continua (see
[17, p. 63] for a picture). Moreover, if X is one of these continua, then there exists a
homeomorphism h :C(X)→ Cone(X) such that h(F1(X))= B(X).
In the next theorem we summarize what is known about C-H continua when they are
not hereditarily decomposable.
Theorem 6.2. If X is a finite-dimensional C-H continuum which is not hereditarily
decomposable, then the following hold:
(1) X contains exactly one nondegenerate indecomposable subcontinuum Y [29, Theo-
rem 8];
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(2) for each homeomorphism h :C(X)→ Cone(X), we have that h(C(Y )) = Cone(Y ),
h(Y )= ν(X) and h(F1(Y ))= B(Y ) [21, Theorem 7];
(3) each subcontinuum of X not containing Y is an arc or a point [21, Theorem 3];
(4) if Y = X, then X \ Y is homeomorphic to either the ray [0,∞) or to the real line R
[15, part (e) of Theorem] and [21, Theorem 6].
Remark 6.3. As a consequence of (1) and (2) of Theorem 6.2, if X is a finite-dimensional
indecomposable C-H continuum, then any homeomorphism from C(X) onto Cone(X)
sends F1(X) onto B(X).
Remark 6.4. If X is a finite-dimensional nonhereditarily decomposable C-H continuum,
then by (4) of Theorem 6.2,X = Y ∪R, where Y is the only nondegenerate indecomposable
subcontinuum of X and R is homeomorphic to either [0,∞) or to R. Moreover, by (3) of
Theorem 6.2, X satisfies one of the following:
(i) X is a compactification of R with Y as remainder;
(ii) X is a compactification of [0,∞) with Y as remainder;
(iii) X = Y ∪R, Cl(R) is an arc and Y ∩Cl(R)= {p}, where p is an end point of Cl(R);
(iv) X = Y ∪R, Cl(R) is an arc and Y ∩Cl(R)= {p,q}, where p and q are the end points
of Cl(R).
Now we are ready to present the main result of this section.
Theorem 6.5. If X is a finite-dimensional C-H continuum, then there exists a homeomor-
phism h :C(X)→ Cone(X) such that h(F1(X))= B(X).
Proof. By Theorem 6.1 and Remark 6.3, it is enough to prove the theorem when X is
a decomposable continuum containing a (unique) nondegenerate proper indecomposable
subcontinuum Y . Hence, X is of one the forms described in Remark 6.4. We show that in
each case the required homeomorphism, h, exists.
Let g :C(X)→ Cone(X) be a homeomorphism. We consider four cases.
Case (i). X is a compactification of R with Y as remainder, X = Y ∪ R, where R is
homeomorphic to R.
It is easy to see that C(X) = C(Y ) ∪ D, where D is a noncompact 2-manifold with
boundary and ∂(D) = F1(R). Also, it is easy to see that Cone(X) = Cone(Y ) ∪ D′,
where D′ is a noncompact 2-manifold with boundary and ∂(D′) = R × {0}. Hence,
g(C(Y ))= Cone(Y ) and g(D)=D′. Since g is a homeomorphism, g(∂(D))= ∂(D′), i.e.,
g(F1(R))= R × {0}. By Remark 6.3, g(F1(Y ))= B(Y ). Since F1(X)=F1(Y ) ∪F1(R)
and B(X)= B(Y ) ∪R× {0}, we have that g(F1(X))= B(X).
Case (ii). X is a compactification of [0,∞) with Y as a remainder, X = Y ∪ R, where
R is homeomorphic to [0,∞).
We identify R with [0,∞). It is easy to see that C(X) = C(Y ) ∪ D, where D is a
noncompact 2-manifold with boundary, ∂(D)= CY (X)∪ C0(R)∪F1(R) and C(Y )∩D =
{Y }. Also, it is easy to see that Cone(X) = Cone(Y ) ∪ D′, where D′ is a noncompact
2-manifold with boundary, ∂(D′) = ({0} × [0,1]) ∪ (R × {0}) and Cone(Y ) ∩ D′ = {ν}.
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Hence, g(C(Y )) = Cone(Y ) and g(D) = D′. Since g is a homeomorphism g(∂(D)) =
∂(D′). By Theorem 6.2, g(Y )= ν. It is possible that g(F1(R)) = R × {0}. However, it is
not difficult to find a homeomorphism f : Cone(X)→ Cone(X) such that f (g(F1(R)))=
R × {0} and f |Cone(Y ) = 1Cone(Y ). Hence, h= f ◦ g is the desired homeomorphism.
Case (iii). X = Y ∪R, Cl(R) is an arc and Y ∩Cl(R)= {p}, where p is an end point of
Cl(R).
We identify R with [0,p). It is easy to see that C(X) = C(Y ) ∪ D, where D is a
2-cell and ∂(D) = F1(R) ∪ Cp(Y ) ∪ CY (X) ∪ C0(R). Note that each of these sets is
an arc and they only intersect at their end points. Note that C(Y ) ∩ D = Cp(Y ), which
is an arc. Also, it is easy to see that Cone(X) = Cone(Y ) ∪ D′, where D′ is a 2-cell
and ∂(D′) = (R × {0}) ∪ ({p} × [0,1]) ∪ ({0} × [0,1]). Hence, g(C(Y )) = Cone(Y ) and
g(D)=D′. Since g is a homeomorphism, g(∂(D))= ∂(D′). It is possible that g(F1(R)) =
R × {0}. However, it is not difficult to find a homeomorphism f : Cone(X)→ Cone(X)
such that f (g(F1(R)))=R×{0} and f |Cone(Y ) = 1|Cone(Y ). Thus, h= f ◦g is the desired
homeomorphism.
Case (iv). X = Y ∪ R, Cl(R) is an arc and Y ∩ Cl(R)= {p,q}, where p and q are the
end points of Cl(R).
It is easy to see that C(X)= C(Y ) ∪D, where D is a 2-cell, ∂(D)= F1(R) ∪ Cp(Y ) ∪
Cq(Y ) and C(Y )∩D= Cp(Y )∪Cq(Y ). Also, it is easy to see that Cone(X)= Cone(Y )∪D′,
whereD′ is a 2-cell, ∂(D′)= (R×{0})∪({p}×[0,1])∪({q}×[0,1]) and Cone(Y )∩D′ =
({p} × [0,1])∪ ({q} × [0,1]). Note that g(C(Y ) ∩D)= g(Cp(Y ) ∪ Cq(Y ))= Cone(Y ) ∩
D′ = ({p}×[0,1])∪ ({q}×[0,1]). This implies that g(F1(R))=R×{0}. By Remark 6.3,
g(F1(Y ))= B(Y ). Since F1(X)= F1(Y )∪F1(R) and B(X)= B(Y ) ∪R × {0}, we have
that g(F1(X))= B(X). ✷
As a consequence of Theorem 6.5 we have the following result:
Theorem 6.6. If X is a finite-dimensional C-H continuum, then HS(X) is homeomorphic
to Sus(X).
7. A universal map theorem
In this section we show that the induced map to the hyperspace suspensions of a map
from a continuum onto a continuum having surjective semispan zero is universal.
We begin with the appropriate definitions.
A map f :X→ Y between continua is said to be universal provided that for each map
g :X→ Y , there exists a point x ∈X such that g(x)= f (x) [12].
It is well known that if f :X→ Y is a universal map, then f is onto [12, Proposition 1]
and Y has the fixed point property [12, Proposition 2]. Also, recall that any surjective map
from a continuum onto [0,1] is universal [12, Proposition 8].
A continuum X has surjective semispan zero provided that for each subcontinuum Z
of X ×X such that π1(Z) = X, Z ∩∆X = ∅, where π1 is the projection map to the first
factor.
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It is well known that a continuum X has surjective semispan zero if and only if each
map from any continuum onto X is universal [7, Theorem 25].
Also recall that any chainable continuum has surjective semispan zero (see [19] and
[20]). The converse of this result is still an open problem [8, Problem 82].
In [27] it is shown that if f :X → Y is a map from a continuum X onto a chainable
continuum Y , then the induced map C(f ) :C(X)→ C(Y ) is universal. In [3], the same
result is proved for continua Y having surjective semispan zero. Hence, for such a
continuum Y , surjective maps onto Y induce surjective maps onto C(Y ) (i.e., Y ∈
Class(W)) and C(Y ) has the fixed point property. This last result was originally shown
for chainable continua in [30].
Let A and B be two disjoint closed subsets of a connected space X. A closed subset H
of X cuts weakly between A and B in X provided that whenever C is a closed connected
subset of X that intersects each A and B , then C intersects H . We say that X is
s-connected between A and B provided that whenever H is a closed subset of X that cuts
weakly between A and B , then some component K of H cuts weakly between A and B .
A connected space X is said to be s-connected provided that wheneverA and B are disjoint
closed connected subsets of X, then X is s-connected between A and B .
In [3] it is shown that the hyperspace of subcontinua of any continuum is s-connected. It
is known that the monotone image of an s-connected space is s-connected [23, Theorem 4].
Hence, the hyperspace suspension, HS(X), of any continuum X is also s-connected. Note
that s-connectedness implies unicoherence [23, Lemma 1]. Thus, HS(X) is unicoherent.
This gives a different proof of [26, (2.2)].
Let us observe that we only use the s-connectedness of C(X) in the proof of the
following result:
Theorem 7.1. Let Y be a continuum with surjective semispan zero. If f :X→ Y is a map
from a continuum X onto Y , then the induced map HS(f ) : HS(X)→HS(Y ) is universal.
Proof. Let g : HS(X)→HS(Y ) be any map. We show that there exists A ∈ C(X) such that
g(qX(A))= HS(f )(qX(A)).
Let µ :C(Y )→[0,1] be a Whitney map for C(Y ). Let µ′ : HS(Y )→[0,1] be given by
µ′(FY )= 0 and µ′(B)= µ(q−1Y (B)) for each B ∈ HS(Y ) \ {FY }. Clearly, µ′ is continuous
and µ′(B)= 0 if and only if B = FY .
Let
R= {A ∈ C(X) | µ′(g(qX(A)))= µ′(HS(f )(qX(A)))}.
Note that µ′ ◦ HS(f ) ◦ qX :C(X)→[0,1] is continuous and onto, thus, universal. Hence,
there exists A ∈ C(X) such that µ′(g(qX(A))) = µ′(HS(f )(qX(A))). Therefore, R is a
nonempty closed subset of C(X).
Claim 1. R cuts weakly between F1(X) and {X} in C(X).
Let T be a closed connected subset of C(X) such that X ∈ T and T ∩ F1(X) = ∅.
Clearly, µ′ ◦ HS(f ) ◦ qX(T ) = [0,1], i.e., µ′ ◦ HS(f ) ◦ qX|T :T → [0,1] is universal.
Thus, there exists A ∈ T such that µ′ ◦ HS(f ) ◦ qX(A) = µ′ ◦ g ◦ qX(A). Note that this
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implies that A ∈R. Therefore,R∩ T = ∅, and R cuts weakly between F1(X) and {X} in
C(X).
Since C(X) is s-connected [3, Theorem 1] and R cuts weakly between F1(X) and {X}
in C(X), there exists a componentK of R with the same property.
Claim 2. X =⋃{A |A ∈K}.
Let x be a point of X. Let γ be an order arc from {x} to X in C(X). SinceK cuts weakly
between F1(X) and {X} in C(X), γ ∩K = ∅. Let A ∈ γ ∩K. Since A ∈ γ , x ∈A. Hence,
X =⋃{A |A ∈K}.
Claim 3. If FY ∈ g(qX(K)), then g(qX(A))= HS(f )(qX(A)) for some A ∈ C(X).
Suppose there exists A ∈ K such that g(qX(A)) = FY . Hence, µ′(g(qX(A))) =
0. Since A ∈ K ⊂ R, we have that 0 = µ′(g(qX(A))) = µ′(HS(f )(qX(A))). Since
µ′(HS(f )(qX(A))) = 0 if and only if HS(f )(qX(A)) = FY , we have that g(qX(A)) =
HS(f )(qX(A)).
From now on, we assume that FY /∈ g(qX(K)). Hence,
q−1Y |g(qX(K)) :g
(
qX(K)
)→ C(Y )
is an embedding.
Claim 4. There exists A ∈K such that either f (A)⊂ q−1Y (g(qX(A))) or q−1Y (g(qX(A)))⊂
f (A).
Suppose the claim is not true, i.e., suppose that for each A ∈ C(X) f (A) ⊂
q−1Y (g(qX(A))) and q
−1
Y (g(qX(A))) ⊂ f (A). By continuity of the maps and compactness
of K, there is an ε > 0 such that
f (A) ⊂ Vε
(
q−1Y
(
g
(
qX(A)
)))
and q−1Y
(
g
(
qX(A)
)) ⊂ Vε(f (A)).
Now, for each A ∈K, let
❏A❑= [f (A)× q−1Y (g(qX(A)))] \ [Vε(q−1Y (g(qX(A))))× Vε(f (A))].
Then, ❏A❑ is a subcontinuum of Y × Y such that π1(❏A❑)= f (A) and ❏A❑∩∆Y = ∅ [13,
Lemma 3.1].
Let M =⋃{❏A❑ | A ∈ K}. It is easy to see that M is a subcontinuum of Y × Y . Since
π1(❏A❑)= f (A) and X =⋃{A |A ∈K} (Claim 2), we have that π1(M)=⋃{f (A) |A ∈
K} = f (⋃{A |A ∈K})= f (X)= Y . Since for each A ∈K, ❏A❑∩∆Y = ∅, we obtain that
M ∩∆Y = ∅, a contradiction, since Y has surjective semispan zero. Therefore, there exists
A ∈K such that either f (A)⊂ q−1Y (g(qX(A))) or q−1Y (g(qX(A)))⊂ f (A).
To finish the proof, let A ∈ K as in Claim 4. Since K ⊂ R, µ′(g(qX(A))) =
µ′(HS(f )(qX(A))), i.e.,
µ′
(
g
(
qX(A)
))= µ′(qY (f (A))),
R. Escobedo et al. / Topology and its Applications 138 (2004) 109–124 121
by definition of HS(f ). By definition of µ′, we obtainµ
(
q−1Y
(
g
(
qX(A)
)))= µ(f (A)).
Now, by the choice of A and the properties of Whitney maps, q−1Y (g(qX(A))) = f (A).
Hence,
g
(
qX(A)
)= qY (f (A)).
Thus, by definition of HS(f ), we obtain
g
(
qX(A)
)= HS(f )(qX(A)).
Therefore, HS(f ) is universal. ✷
Corollary 7.2. If X is a continuum with surjective semispan zero, then HS(X) has the fixed
point property.
As a consequence of Corollary 7.2, we obtain Nadler’s result [26, (3.1)]:
Corollary 7.3. If X is a chainable continuum, then HS(X) has the fixed point property.
8. Hereditarily indecomposable continua
In this section we show that hereditarily indecomposable continua have unique
hyperspace suspensions.
Lemma 8.1. Let X be a hereditarily indecomposable continuum. Let Y be a continuum
such that HS(Y ) is homeomorphic to HS(X), and let h : HS(X)→HS(Y ) be a homeomor-
phism. If B1 and B2 are two distinct elements of C(X) \ F1(X) such that B1 ⊂ B2 then
q−1Y hqX(B1)⊂ q−1Y hqX(B2).
Proof. Since X is hereditarily indecomposable, C(X) is uniquely arcwise connected [25,
(1.61)]. Hence, arbitrary small neighborhoods of qX(X) in HS(X) do not contain simple
closed curves. Since arbitrary small neighborhoods of FX and FY contain simple closed
curves (Lemma 3.1), h(qX(X))= qY (Y ) and h(FX)= FY .
Let α be an order arc from q−1Y hqX(B1) to Y in C(Y ). Thus, q−1X h−1qY (α) is an arc
from B1 to X. Since the only arc in C(X) from B1 to X contains B2, we have that
q−1Y hqX(B2) ∈ α. Since α is an order arc, we have that q−1Y hqX(B1)⊂ q−1Y hqX(B2). Since
qX|C(X)\F1(X), h|HS(X)\{qX(X),FX} and qY |C(Y )\F1(Y ) are homeomorphisms and B1 = B2,
q−1Y hqX(B1) = q−1Y hqX(B2). ✷
Lemma 8.2. Let X be a hereditarily indecomposable continuum. If Y is a continuum such
that HS(Y ) is homeomorphic to HS(X), then Y is hereditarily indecomposable.
Proof. Let h : HS(X)→HS(Y ) be a homeomorphism. Let µ :C(Y )→[0,1] be a Whitney
map and let t ∈ (0,1). Let B = q−1X h−1qY (µ−1(t)). We show that B is a Whitney level
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of C(X). To this end, it is enough to show that B intersects each order arc in C(X) joining
any singleton {x} with X, and if B1,B2 ∈ B and B1 ⊂ B2, then B1 = B2 [17, 23.8].
Let {x} ∈F1(X) and let γ be an order arc in C(X) from {x} to X. Suppose B ∩ γ = ∅.
Thus, q−1Y hqX(γ \ {{x}}) ∩ µ−1(t) = ∅, a contradiction to [17, 23.8] by Lemma 8.1.
Therefore, B ∩ γ = ∅.
Let B1,B2 ∈ B such that B1 ⊂ B2. Suppose that B1 = B2. Thus, we have that
q−1Y hqX(B1), q
−1
Y hqX(B2) ∈ µ−1(t), q−1Y hqX(B1) ⊂ q−1Y hqX(B2) (Lemma 8.1) and
q−1Y hqX(B1) = q−1Y hqX(B2), a contradiction to [17, 23.8]. Therefore, B1 = B2.
Therefore, B is a Whitney level in C(X). Since X is hereditarily indecomposable,
B is a hereditarily indecomposable continuum [25, (14.1)]. Since B is homeomorphic
to µ−1(t), this is a hereditarily indecomposable continuum. Therefore, Y is hereditarily
indecomposable [25, (14.54)]. ✷
Notation 8.3. If X is a hereditarily indecomposable continuum and α is an order arc
in C(X) with X as one of its end points, then the other end point of α is denoted by
ep(α). If A ∈ C(X) \ {X}, then αA denotes the order arc from A to X.
The following lemma is easy to establish:
Lemma 8.4. Let X be a continuum. If {αn}∞n=1 is a sequence of order arcs having X as an
end point and converging to the order arc α, then the sequence of end points {ep(αn)}∞n=1
converges to ep(α).
Theorem 8.5. Let X be a hereditarily indecomposable continuum. If Y is a continuum such
that HS(Y ) is homeomorphic to HS(X), then Y is homeomorphic to X.
Proof. By Lemma 8.2, Y is hereditarily indecomposable.
Let h : HS(X) → HS(Y ) be a homeomorphism. Note that h(qX(X)) = qY (Y ) and
h(FX)= FY (Lemma 3.1). Define hˆ :C(X)→ C(Y ) by
hˆ(A)=
{
q−1Y hqX(A) if A ∈ C(X) \F1(X),
ep
(
q−1Y hqX
(
αA \ {A}
))
if A ∈F1(X).
Since X and Y are hereditarily indecomposable, hˆ is well defined (Lemma 8.1).
Let {x1} and {x2} be two distinct points of F1(X). Thus, there are two open sets
U1, U2 of C(X) such that {x1} ∈ U1, {x2} ∈ U2 and U1 ∩ U2 = ∅. Hence, α{x1} ∩
U2 = ∅ and α{x2} ∩ U1 = ∅. Thus, qX(α{x1}) = qX(α{x2}) and ep(q−1Y hqX(α{x1})) =
ep(q−1Y hqX(α{x2})). Therefore, hˆ is one-to-one.
Let {y} ∈ F1(Y ). Hence, {x} = ep(q−1X h−1qY (α{y} \ {{y}})) satisfies that hˆ({x})= {y}.
Therefore, hˆ is onto.
To show hˆ is continuous, let {An}∞n=1 be a sequence of elements in C(X) converging
to {x}. Note that the sequence {αAn}∞n=1 converges to α{x}.
Let µ :C(Y )→ [0,1] be a Whitney map and let t ∈ (0,1). Hence, as it was shown in
the proof of Lemma 8.2, B = ep(q−1X h−1qY (µ−1(t))) is a Whitney level in C(X). Without
loss of generality, we assume that for each n ∈ N, An /∈ αAn ∩ B. For each n ∈ N, let α′An
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and α′′ be the subarcs of αAn from αAn ∩ B to X and from An to αAn ∩ B, respectively.An
Let α′{x} and α′′{x} be the subarcs of α{x} from α{x} ∩ B to X and from {x} to α{x} ∩ B,
respectively.
Since C(X) is uniquely arcwise connected [25, (1.61)], {α′An}∞n=1 converges to α′{x}. By
continuity of hˆ= q−1Y hqX on C(X) \F1(X), {hˆ(α′An)}∞n=1 converges to hˆ(α′{x}).
Note that for each n ∈ N, hˆ(α′An) ∩ hˆ(α′′An) = hˆ(α′An ∩ α′′An). Also note that, hˆ(α′{x}) ∩
hˆ(α′′{x}) = hˆ(α′{x} ∩ α′′{x}). By continuity of hˆ, limn→∞ hˆ(α′An) ∩ hˆ(α′′An) = hˆ(α′{x}) ∩
hˆ(α′′{x}). Since C(Y ) is uniquely arcwise connected, we have that limn→∞ hˆ(αAn) =
hˆ(α{x}). Hence, limn→∞ hˆ(An)= hˆ({x}) (Lemma 8.4). Thus, hˆ is a homeomorphism.
Therefore, Y is homeomorphic to X [25, (0.60)]. ✷
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